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Abstract—The stress intensity factor history due to the uniform extension of a planar crack in an
unbounded elastic body under three-dimensional time-independent loading is considered. First, a
fundamental (point force) solution is obtained. and this is used to write down the form of the stress
intensity factor history for general loading in tcrms of a superposition integral. A particular traction
distribution ts also considered.

1. INTRODUCTION

In this article the uniform extension of a half-plane cruck in an unbounded clastic body
under time-independent toading is considered. This problem is the three-dimensional ana-
logue of the plane strain problem solved by Freund([1]. In Ref. {1] the solution for general
loading is obtained by first obtaining a fundamental (concentrated force) solution, and then
writing the general solution as a superposition integral.

The fundamental solution to this problem is obtained via the method used by Freund[2]
to investigate the impact loading of a half-plane crack. After defining coordinates moving
with the crack edge, application of Laplace transforms in time and space results in a
certain functional equation which is solved by the Wiener-Hopf technique[3]. This yields a
formulation of the ficld potentials in terms of triple inversion integrals. Attention is then
directed towards the stress intensity factor as a function of time and distance along the
crack edge, and it is shown that this may be writien in terms of a single integral by use of
the deHoop method of inversion[4]. A similar analysis to that presented in this paper has
been used by Ramirez{5] to investigate the stress intensity factor history due to the motion
of point loads on the faces of a half-plane crack.

Once the stress intensity factor history along the crack edge is determined for the
fundamental solution, the stress intensity factor for general loading is obtained in integral
form by superposition. The paper concludes with the consideration of a particular loading
situation.

2. THE FUNDAMENTAL SOLUTION

2.1. The basic problem

Consider a half-plane crack moving at speed v in the x-direction, with the crack line
oriented parallel to the z-axis in the plane » = 0 (see Fig. 1). The location of a point on the
crack edge is then given by the position vector (¢4, 0, ). At time ¢ = 0 a pair of point forces
appear at the tip of the crack, one acting on the upper face.of the crack at point (0,0%,0)
and the other acting on the lower face of the crack at point (0,07, 0). The directions of the
forces are along the outward normals to cach face, i.e. they tend to open the crack. For

+ This work was done whilst the author was a Rescarch Associate in the Division of Engineering, Brown
University, Providence, R1 02912, US.A.
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Fig. 1. The geometry of the elastic body.

time ¢ > 0 the forces continue to act at the origin, whilst the crack continues to move in the
x-direction with speed v. Using symmetry with respect to the plane y = 0, only the region
¥ 2 0 need be considered. The boundary conditions for displacements («) and stresses (o)
are

6,,(¢.0,2,0) = H 8(x)0(z), x <ot
0,(x0,5,0=0,.{x050) =0, —w0o<x<® (1)
w,(x,0,2,8) =0, x>t
with all fields zero for 1 < 0.

The scalar dilatational wave potential ¢ and the vector shear wave potential W =
{(¥., ¥,, V.) arc now introduced. The potential ¢ satisfies the scalar wave cquation

=0 (2)

where @' is the speed of dilatational waves in the elastic body. The potential ¥ satisfies a
similar equation with a replaced by b, where b ' is the shear wave speed. Also, the shear
wave potential is divergence free, i.c.

V¥ =0 3)
It proves convenient to work with a coordinate system moving with the crack front.

If the variable ¢ = x — vt is introduced, eqn (1) for ¢ becomes, in the new coordinate system
()

3¢ ¢ (,_a\P 2 8
tat\te)Et T e W T @

where d = 1/v, The shear wave potential W satisfies eqn (4) with « replaced by b.
It is expected that

ayy(éﬂ 0’:-') (-,1(.‘;:’)1’ S:"’0+ (5)

where &, is the stress intensity factor variation along the crack edge, which is to be deter-
mined.
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2.2. Solution procedure

Transform techniques are now used to determine k,. The following equations are
written in terms of the dilatational wave potential ¢—the shear wave potential may be
treated in a similar manner.

First, the one-sided Laplace transform over time is introduced. The parameter is s,
and the transformed function is denoted by a superposed hat. Thus

$(&.y.z.5) = J; ¢, y,z,0) e de. (6)

For the present, s may be considered to be a real positive parameter.
Next, the dependence on = is suppressed by taking a two-sided Laplace transform with
parameter s{. The transformed function is denoted by a superposed bar, i.c.

$(~5‘}', {,5) = J_ (. p.z,5) e dz. M

The domain of convergence of this transform is now examined. Noting that the
dilatational waves have the greatest speed, the fields will be zero outside of the sphere
x4+ y?+2% = 1*/a*. Hence it suffices to examine the convergence of transform (7) when ¢
is given by

¢ y.z0) = HIPJa* — C+on)? —y? = 27) ®)

where H(*) is the Heaviside step function.

Consideration of the transform of this function (with £, y fixed and s > 0) indicates
that convergence is satisfied for —ad/(d*—a*)"? < Re { < ad/(d*—a?)"?. For the present
it proves convenient to consider { as a real parameter within this range—the transform may
be analytically continued into its region of convergence in the complex {-plane when
necessary.

Finally, a two-sided Laplace transform over € is taken. The transformed function is
denoted by a capital letter, and the transform parameter is sn, i.c.

O(n, 5. 0.8) = J_ P&y, L5) e deE. 9

The domain of convergence of this transform is investigated by using the step function
defined in eqn (8) coupled with the range of { given in the above paragraph. It is found
that, for convergence, n must lie in the strip

—a; <Re(n) <a, (10)
where
tald+da* +(a* —{%) (d* —a?)]"?
= L (11
—a
and
—ay<{<ay; ay=ad/(d*-a’)"’. (12)

The governing equations for the potentials ¢ and ¥ are now transformed, leading to
the ordinary differential equations
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e .,
& -5 ®d =0
&y .,
a}T—Sﬁl‘P—~O

where

(13)

(14)

(15)

where the forms of the constant terms are introduced for convenience — it turns out that 4

and B are independent of s.

The boundary conditions are now transformed. With reference to eqns (1), define

functions ¢, and u_ by

-

o, z,0)=0,(0z1), >0

x

u_(&.z,0=u,t0,z,1, <O

The boundary conditions then transform to

! ‘'l
B (1.0:8.5) = }[zm, {s)— ;t(rz(-—d):]

£,(1.0,0.5)=0

1
U,1.0,8.9) = 5 U_(1.5.)

with the functions U and £, defined by

e

Z,(n.89) =Sf G.(5,8.8) ¢ ™ dg

i
and
kil

U_(1,8,9) =SIJ

G (&, Cs) e de
ke

(16)

(17)

(18)

(19)

(20)

It should be noted that X, is an analytic function of  for Re () > —as, and U_ is
an analytic function of # for Re () < a,, where a, , are defined in eqn (11). From now on,
a plus sign denotes a function analytic for Re (7) > —a, and a minus sign a function

analytic for Re () < a,.
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Equation (17) may be manipulated into the form

H,(n.5.5)

S—d) @)

z_v,v (’,s 0; Cy S) =

with
H,(d/{,s)=—d. (22)

Using the relationships of potentials to stresses and displacements[6], the transformed
boundary conditions (18), (19), (21) and eqns (3) and (15), the following system of equations
relating A, B, H, and U_ is obtained ;

6> (1 —n/d)* —2n* ~20*)A—2B{B. +2BnB. = H, [u(n—d)
2nad +(B* ~{*)B +npB,+n{B. = 0
2{ad—n{B.—{fB,+(n*~{)B. =0 (23)
xAd—{B.+nB.=U_
nB,—pB,+(B. =0.
It is noted that s does not appear in the above equations, and hence 4, B, H, and U_

are functions of # and { only. Reduction of the system of eqns (23) shows that U_ and #,
are related by

H,n0) _ _pd® _ R®.O) o9

U.(n.0) b (n—d)a(n.0)

with
R(n,0) = 4a(n, DB O) (* + L) + (62 (1 —n/d)? = 20* = 207)°. (25)

Equation (24) is now solved for H, and U_ by use of the Wiener-Hopf technique[3].
The first step is to manipulate the equation into a relationship between a plus function and
a minus function.

The function R may be written in the form

RO = (1 +0) RO, D) (26)
where
Ren.0) = [2-b3/3%)2 =4[l = /23 (1 - b}/22) 2 @7
with
3 = (g + {1 = njd)*. (28)

Equation (27) is the Rayleigh wave function([6] (in 4), and has two, and only two, roots
= +c, where c is the inverse of the Rayleigh wave speed. Hence R(n,{) has roots in the
n-plane which are solutions of

(*+{H/(1=nld)? = c*. 29

These roots are
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n=«c¢.—C; (30)

where

i(‘:(l'+d[C4+((':-C2) (dZ_CZ)] 12
d*—c? '

€1)

cfd) =

By inspection it may be seen that R(n.() also has a zero at 5 = 4. To find the order of
this zero. it is noted that n = d corresponds to ~ — 20 ineqn (27). A simple expansion shows
that R = O(1/2%). A — 0. and this. coupled with eqn (28) shows that R has a double zero
at 7 = d. Hence R has four, and only four, zeros in the complex n-plane, these being the
real zeros n = d. d. ¢y, —c-.

Consider now a function § defined by

. R(n.0)
S(.0) = — . 32
1-9) k(n—cy(n+c;) (n—d)” 32)
where
k= —lim R%’;” = A=) (=B d*) = 2= b dP) . (33)
7o«

The function S has no poles or zeros in the p-plane, the only singularities being the
branch points of the functions 2 and f§. Note that the branch cuts of all functions considered
here are taken to lic on the real axis outside of the strip of analyticity, —a, < Re (1) < ay,
of the transforms. The function s may be written as the product of a plus function and a
minus function via usc of Cauchy’s integral thcorem(7]. The result is

Sty =8,1.0S (4.0 (34)
where
L [" | Ao | (0 +°) dv)
) {)==¢ i H - 3 b 3 RN T 5
$:01.6) LxP( ”-[:;.l tan [{b'(li—v/d)‘—-Zv“-—ZC'}' vty G3)
with

+h2/ /h«l h:_v! [2_b2 12
by = T‘..,,(--t,‘_ [.'t,;’_ﬁbf._)&___ll_ﬂ (36)
d*—h*

Note that @, , and b, are the branch points of functions x and f, respectively.
With reference to eqn (24), it remains to split the function 2. This may be achicved by
writing
2=k, % 37
with

k, = (I —a*jd*)'"? (38)

and
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a, (1.0) = [a:(O) +n]"?

, (39)
a_(1,0) = [a:,(Q)—n]"*.
By use of eqns (34) and (37), eqn (24) may be manipulated into the form
H.(.02..0) _ d*k U_(n.0) _ _
S 0n+a0 PR 2D S_-(n, 01D (n—4a). (40)

The right-hand side of the above equation is analytic for Re () < a,, the left-hand
side is analytic for Re (7) > —a;, and hence, by analytic continuation, each side of eqn (40)
represents the same entire function. Use of continuity of displacement at the crack tip
and the asymptotic form (4) of ¢,, shows that each side of eqn (40) tends to a constant as
n — o0 in the respective half planes. Hence, by Liouville’s theorem, the entire function
represented by each side of eqn (40) is a constant, and use of eqn (22) then gives

d‘*'az(C)]”Z['l'*'Cz(C)] S.(n.0) @)

H.(n0) = "d[,,_,_az(() d+c,()]S.d.{’

The function U_ may be obtained by replacing H, in eqn (40) by the above result.
Having solved the functional eqn (40), the displacement potentials may be written

down in the form of triple inversion intcgrals. However, it turns out that the stress intensity

factor k(z. ¢) may be obtained in the form of a single real integral.

2.3. Determination of the function ki(z, t)

The analysis in this scction follows closcly that used by Freund{2]. With reference to
eqn (3), the transformed stress intensity factor may be written as

£(C.) = lim [(218)"G,, (€, 0,0, ). (42)
Use of Abels’ theorem on the asymptotic properties of transforms[7] gives
£i(C.) = lim [(25)7Z,, (1, 0.0,9)] @3)

and this result, coupled with eqns (21) and (41), yields

. 2\I/2
fig.s) =d<;) o) (“4)

with

[d+a, (1" 1
d+cy(§) S.(d0)’

@) = (45)

After relaxing the constraint that { is real, inversion of the Laplace transform over z
gives

d 112 fq+io
E,(z,s)=;(§> f oM & dr (46)

where
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Fig. 2. Deformation of the inversion path in the complex {-plane.

—ay < ¢ < ay 47)

with a, defined inegn (12).

It is desired to write cqn (46) in such a way that the inversion of the one-sided
Laplace transform over time may be obtained via a convolution integral. The function
Q) = O ' 7). { = oc. and Jordan's lemma may be used[7) to deform the integral in eqn
(46) onto the branch cut from —a, to — oo, if z > 0 is assumed for the present. On noting
that @() = Q() and that Q is an even function of . £, may be written in the form

_ 0t L
£z = nd Cﬂ.—-J‘ Im {Q(u/z+i0)] ¢ ™ du (48)

where the i0 part in the argument of function @ indicates evaluation on the upper side as
the branch cut from —qy to — oo (sce Fig. 2).

In order that the convolution theorem for Laplace transforms may be applied, £ must
be written as the product of two such transforms. The integral term in eqn (48) is itself a
Laplace transform, but the s'? term multiplying it is of too high an order to be such a
transform. To rectify this, a function H is defined by

ki(z.1) = e?ﬁ;fi” . H(z,0)=0. (49)
Then
£z, 5) = sH(z, ) (50)
which, coupled with eqn (48), yiclds
H(z5) = ’-j»[ C)IJ. Im [Q(u/z+i0)] ¢~ du. 1)

The integral term in the expression for A is the Laplace transform of Q(u/z+i0)H(u
—a,:) and the s~ term is the Laplace transform of (ns)~ ' It follows, by convolution,
that, for- >0
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12 -1
H(Z.l):i(i) f ldeu. t>ay:

s - (t—u)y'? (52)

=0. t<ay:.

Upon noting that k;(=. ¢) is an even function of :, use of eqns (49) and (52) gives

d {2\Y*¢é [ [O(u/|=| +10)]
e =5 (3] 5] mG i <,
(53)
=0. |z| > t/a,.
Integration by parts gives. finally
212
k()= —=5k(r) (>1)
50 = gyt (54
= (<)
where A(1) is the dimensionless integral
b} ! (v .0
k() = dal? | Im [M%)—]rdv (55)
| (t=v)"
with
T = tayl3). (56)

It is noted that the parameter g, defined in eqn (12) is such that @, ' is the apparent
speed at which dilatational waves move along the crack edge. Hence, as indicated by eqns
(54), the first dilatational wave reaches a fixed point on the crack line at time ¢ = ay|z].
Similarly, the quantitics

by = bdj(d* —b*)""? ¢y = cd)(d? =)' 57

are such that b, ' and ¢, ' are the speeds at which shear waves and Rayleigh waves move
along the crack edge, respectively—note that ¢, < b, < ¢,
2.4. Propertics of k(z,1)

One interesting feature of &y (2, ¢) is that it is discontinuous at the front of the pulse

gencrated by the point loads. The jump may be written as

Aky = lim [k, (z, 0)] (58)

raglsl*

and it may be shown, by a simple asymptotic analysis of the integral in eqn (55), that

di=¢t a )}’ ! |
Bk = - 2 ;-.-:<~~) A —a) P S, (d,ay)” (59)

The asymptotic form of k,(z,¢) for large ¢ at a fixed point = is also of interest.
With reference to eqns (54), this asymptotic result may be obtained by fixing - and
letting ¢t — o0. This limit is equivalent to holding ¢ fixed and letting - — 0, and hence,
as k;(0, 1) is expected to be finite, the function k(tr) must have the property that
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k() ~pt™ 2, t—x (60)

where p is a constant. Consequently
2a0\"*aop _,,
k@)~ —) —177% 1|zl - . (61)
T T

The constant p is found in the Appendix by an asymptotic analysis of the integral
defining k().

One useful check on the result obtained for k,(z, 1) is that it should reduce to the stress
intensity factor history for the corresponding two-dimensional line load problem solved by
Freund[1] when integrated over the range — o < & < . If the integration is performed
on eqn (46), and the transform over time inverted, the result is

© 2 1/2 d__c
¥ P S =1— s e 2
L’“ nd (m) =25, (d.0) (622)

which agrees with the result presented by Freund{1].

Another check on result (54) is that if the wave slownesses are nominally set equal to
zero in eqns (54), k,(z, ¢) should reduce to the corresponding stress intensity factor for the
static problem of a pair of unit normal line loads applied to the faces of a half plane crack
at a distance t/d from the crack edge[8]. Letting a, b, ¢ — 0 in cgns (54) gives

1 2d\? ]
e =3 () iz (©2)

which agrees with the static result given in Ref. [8].

A numerical integration of the non-dimensional function k(1) s now carried out.
Before continuing, the function §,{,{) is written in a more convenient form for com-
putations. Using eqns (26)—(28) for motivation, the substitution

w? = (01 +EY/(1 —v/d)? (63)

is made in the integral part of the function S, defined in eqn (35).
This leads to

b 20,2 A WU2(RT 2102
S+(d,C)=exp{- ;I; f tan"[w (v (b‘l/i_ffz)z ») ]f(w,odw} (64)

where
_d:e(w.C)-f-(d:-i—C:)(d2+w2)—2d:C:. w
fw.O) = [dP+e(w,0)] (d*—w?) e(w,{) (65)
with
e(w,0) = [w (11 + ) =d*', (66)

Consider now the non-dimensional function k(z) defined by eqn (55). It can be seen .
that k(r) = k(b/a, c/a, c/d, 1) and hence, if the ratios b/a and c/a are fixed, the variation of
k with t is a function of ¢/d only.
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In Fig. 3 the function k is plotted against t for various values of ¢'d when Poisson’s
ratio v= 0.3 (b = 1.87a, ¢ = 2.02a). The graphs show that the stress intensity factor at a
fixed point = starts at a negative value upon arrival of the first dilatational wave at time
t = a,lz|. There is a kink in each curve corresponding to the arrival of the first shear wave
at time t = by|z|, and a logarithmic singularity when the first Rayleigh wave arrives at
time ¢ = c,|z|. After this time the stress intensity factor stays positive and decays like ¢=7*
ast— 0.

3. GENERAL LOADING

The arguments used in this section are similar to those used by Freund[1] for the mode
I plane strain problem. The fundamental solution derived in Section 2 is used to write the
solution for general loading as a superposition integral.

The crack is considered to be stationary for time ¢ < 0 under equilibrium loading. with
the normal stress on the half-plane y = 0 ahead of the crack being given by g,, = —p(x, 2).
with the minus sign introduced for convenience. At time ¢ = 0, the crack begins to move
with speed v in the positive x-direction, creating new stress-free surfaces (0 < x < ¢,y =07,
— o < £ < ). The resulting field may be considered to be the superposition of a dynamic
field created by imposing tractions p(x,z) (0 < x < ¢vf, — o0 < - < 20) on the crack faces,
and a static field corresponding to the equilibrium field. The solution to the dynamic
problem is now obtainced in integral form.

Consider the point-load problem of Section 2, with the exception that point loads of
strength p(v’, =) do’ dz” pass through the edge of the crack at the point x = X, - = 2" at
time ¢ = ¢ = x’/v. The corresponding stress intensity factor is given, as a function of =
and 1. by k(z—=2" t—=x'/r)p(x’. 2y dx” dz'. The full dynamic stress intensity factor A
corresponding to the applied traction p(x’, 2°) may consequently be written as

K(z. 1) =J | J k(== t—-x[v)p(x’,2) dx" dz". (67)

This formulation of K| is useful for numerical computations involving a given traction
distribution. However, if further analytic manipulation of A for a specific traction dis-
tribution is desired, it may be better to work with eqn (46) and build up an alternative
integral form for K. This is made clear in the next section, where a particular loading
situation is considered.

3.1. A particular traction distribution
The traction distribution considered is the constant rectangular distribution

px,2)y=py: O0<x<uvt, —zy<z<z (68)

The solution to this problem may be obtained via the superposition of concentrated
line loads, i.e.

G(z.0) = po J k*(z, t—x'[v) dx’ (69)

0

where k#*(z, 1) is the stress intensity factor for a unit line load of finite length (—z, < = < zy)
passing through the crack tip at time ¢ = 0.
The first step in the procedure is to investigate &, which may be written as
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Fig. 3. The normalized stress intensity factor history k = (n|=))Vk/\/2 vs © = t/a,|] for the

fundamental solution.
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k*(c.n) = J‘-o ki(z==".1) d-". (70)

Using eqn (46), eqn (70) becomes

. d(s\*

k*z.5) = i <§> I(s. (an
where

o gH+ic
I(5.2) = j d-’ J Q) e dg (72)
—Zn Y

~1x

and 0 < ¢ < ay,.
Interchanging the order of integration, and evaluating the integral over ', leads to

|
I(z.5) = - [J(z+20.9) = J(z—2y.9)] (73)

N

where

J(x.s) = J 9—29 e dr. (74)

-ix

For simplicity, = > 0 is assumed for the present. Upon noting that Q({) = @({), and
also that Q() = Q(—{). the integral J may be manipulated into the form

J(x) =21 Q(0) =21 J (x,5), x>0

(75)
=2J(-x9)., x<0
with
1 ~0
Ji(x.s) = J Im [Q—('i“t'-l] ¢ ™ du, (76)
Consequently, with reference to eqns (71) and (73), the time transform of & is given
by

. 12\ ?
/"l*(:vs):;(s_') (rQO)—J\(zo=2) =S (z+29)}, <3

. (77)
d {2 "" .
= -1 -) N~ 2)=Ji(c+z0)f. 2> 2.
LAY
It is noted that there is an apparent jump in k¥ at = = z, given by
LS '0
Ak¥(zp.5) = 4iJ. [m [%ui'-)] du—2ni Q(0) (78)

but consideration of the integral J(0, 5) defined in eqn (74) shows that Ak, = 0.

SAS 24:)-%
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Inspection of the form of the integral J, defined in eqn (76) shows that it is of the form
for which the convolution theorem for Laplace transforms may be applied to eqns {77).
This results in the following integral form for A} (with = > 0):

~

-~

f 2
k¥ ) = %(;) [glc—zp. 0 —glz+20. 0L 21> 20

d{2\? 79
= E (;) {KQ(U)r'%:z,.,.g(:,*—:g, H~glz+ze8)l, <2
with
4 F »
glx, 1) = f Im [Q{a,x+l0)] du =, x>0 (80)
LIS i (f_..u‘) R

The stress intensity factor for the rectangular distribution may be found from eqn (69). The
result, after some algebraic manipulation, is

AN
Kz 1y = {2«* <;) (270 =T ~z0. O~ z+20. ) <2 1Y

Pa 3 t2
= 'K (ﬁ_’) {j:(:_::;, f} '“f:{:‘{‘:;;. g}}‘ > :n (Sﬁb}
where
R 10 .
Jix )y = Z.V"“J Im [Q{“ﬁ))] (tfx=w)¥? dw. {82)
y v

Note that = > 0 has been assumed. The results for = < 0 may be written down after
noting that Ky is an even function of 2.

Consider Ay(z. 1) in the range ~z4 < 2 < 2, The first term in egn (81a) is the stress
intensity factor history for a distribution of strength py with infinite extent in the z-
direction-~this may be obtained by a superposition integral using the line load solution
obtained by Freund[1]. The second and third terms are corrections which take into account
the finiteness of the traction distribution in the =-direction—they may be considered to
correspond to waves emaniting from the boundaries 7 = + =, of the truction distribution
on the crack edge. The contribution to K| from these terms tends to zero for large values
of zq. For z > z,, K; may be thought of as the superposition of two waves centred at the
points - = + 2, on the ¢crack line.

With reference to eqn (82), a non-dimensional integral J5(4) is defined by

N " ). = f/(lﬂx. (83)

In Fig. 4 the integral J, is plotted against 4 for various values of ¢/d when Poisson's ratio
v= 0.3 (b= 1.87ad, ¢ = 2.02aq). Note that, unlike the results from Section 2, there is no
discontinuity in the stress intensity factor when the first dilatational wave arrives at a fixed
point : on the crack edge. Also, the stress intensity factor does not become singular when
the first Rayleigh wave reaches the fixed point =,
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(AD)

APPENDIX
The asymptotic form for large t of the function & (1), as defined in eqn (55). is considered. First, k() is written
in the form
o
/\'(f) = L ‘r
1, €T
with

ﬂl” l ")
o) = f tm [QGu +i0)]

y  (taa—uw)"?

where @ is defined in eqn (45).
A simple asymptotic analysis of Q shows that

Im [Qu+10)] ~ A(u—a,) " +0w '), u—
with constant A being given by

((I:—("‘)‘ M

4= (2d)' {(d* —a)' oS ld=o0)

where

, _ L wiert—a) e —w?)' ] wdw
Soldo—2) = cxp{— ,;4[ tan l FC R L DT awn]

The integral /(1) defined in line (A2) may be written in the form

o) = o Imio 0 A du A o L flu,k,,_
0= m Qi )I—(u—u..)' H (ray—10)"? (tay—u) " —ay)"

u

Letting © — w0 results in

a . A
(1) ~ mA + (ay7) -[ {lm [Q(u+i0)] ~ m} du.

Finally, from eqn (A1), k(1) satisties
k(ty~ Pt ', -
with constant £ being given by

d . A .
- g | i - e sion) o

(A2)

(A3

(Ad)

(AS)

(A6)

(AT)

(A8)

(A9)



